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ABSTRACT: Discontinuous molecular dynamics simulations are performed on systems containing 32
hard chains of length 192 at three volume fractions, φ ) 0.40, 0.45, and 0.50, to investigate entanglement
relaxation and release in model polymer melts. The relaxation behavior of the systems is compared to
that predicted by the tube model and to that suggested for the release of interchain entanglements, or
knots. The mean squared displacement of the chain center of mass, the mean squared displacements of
inner, outer, and intermediate segments along the chain, the end-to-end vector autocorrelation function,
and the apparent self-diffusion coefficient are calculated over the course of the simulations. The three
relaxation times (τe, τR, and τd) predicted by the tube model are estimated in order to determine the
extent to which the results exhibit tube confinement. The initial relaxation of chain segments occurs
from the ends toward the middle as the tube model predicts. However, different methods for predicting
the longest relaxation time, τd, provide inconsistent results. An analysis of the mean squared displacement
behavior of chain segments at various positions along the chain reveals when final relaxation occurs and
suggests that the final relaxation is occurring at the chain ends, inconsistent with the tube model but
compatible with the release of interchain entanglements or knots. A combined analysis of the end-to-end
vector autocorrelation function, the outer segment mean squared displacement, and the apparent diffusion
coefficient suggests that knot release behavior is occurring in the systems. The results provide support
for a proposed mechanism of interchain entanglement relaxation consisting of initial relaxation, followed
by memory and final release from a chain end; however, the uncertainty is large at these long times.

I. Introduction

Despite the abundance of experimental correlations
for polymers, the link between the microscopic behavior
of polymer molecules and their dynamic properties is
not completely understood. To ascertain how a polymer’s
microscopic structure, and hence its macroscopic me-
chanical properties, evolve during processing, it is
essential to determine how polymers move in a melt.
This motion is complicated by the presence of entangle-
ments, which create a spectrum of time scales and
strongly influence the dynamic properties that are
observed macroscopically, such as the self-diffusion
coefficient and viscosity. Although the presence of
entanglements is widely accepted, the exact nature of
entanglements is not known.1 The microscopic origin of
entanglements and the details of their microscopic
motion, including the mechanism of their relaxation and
release, have been the subject of debate.

At least two different approaches can be used to
describe the nature of polymer entanglements,1,2 and
hence entanglement relaxation and release. These ap-
proaches differ in their method of describing entangle-
ments. The first approach reduces the multichain
problem to that of a single chain in a mean field, while
the second approach emphasizes the existence of specific
interchain entanglements. Reptation3 and the tube
model,4 examples of the first approach, say that the
reptative motion of a polymer chain is slowed by a
confining tube of entanglements. Local knot theory5,6

and double reptation,7-10 examples of the second ap-
proach, say that the motion of a polymer chain is
restricted by specific, localized entanglements, or knots,

formed with other chains. These theories also give
different descriptions for the mechanism of entangle-
ment release. Reptation and the tube model suggest that
entanglements in the form of tube confinement relax
from the chain ends toward the chain middle. Local knot
theory and double reptation say that entanglements will
only be released when a chain end moves through a
knot. Observing the mechanism of entanglement release
provides a means for testing the two theories’ ability to
describe polymer dynamics.

The aim of this research is to investigate the molec-
ular mechanisms underlying entanglement relaxation
and release in model polymer melts using discontinuous
molecular dynamics simulations. As far as we know, this
is the most comprehensive study to investigate both
tube model and local knot ideas simultaneously. This
study was inspired, in part, by previous work in which
Smith, Hall, and Freeman11 observed evidence of inter-
molecular knot formation and release in simulations of
entangled hard-chain fluids. In an effort to examine
their observations in greater detail, we have performed
more extensive simulations which span longer times and
explore higher densities. We compare the results from
these simulations of hard-chain fluids to entanglement
relaxation and release predictions of the tube model and
to mechanisms hypothesized for interchain entangle-
ment, or knot, release. We calculate the mean squared
displacement of segments at different positions along
the chain to determine how segment position affects
relaxation.

Manystudies,bothexperimental12-14andcomputational,11,15-26

have focused on testing the validity of Doi and Edwards’
tube model,4,27 the most widely cited theory of polymer
dynamics. In the tube model, a melt of entangled
polymers is modeled as a single chain moving by* To whom correspondence should be addressed.
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reptation3 through a tube created by the surrounding
polymers; specific interchain contacts are ignored, thus
simplifying the problem substantially. The tube model27

predicts that the self-diffusion coefficient, D, and viscos-
ity, η, of a fluid containing long entangled chains of
length n scale as D ∼ n-2 and η ∼ n3 for chains longer
than the entanglement length, Ne. These predictions are
not rigorously consistent with experimental observa-
tions, however, since η ∼ n3.4,28 and D ∼ nx where -2.3
e x e - 2.029,30 in real polymer systems. In an effort to
understand the discrepancy between tube model predic-
tions and experimental results, investigators have
examined those aspects of the tube model’s description
of molecular motion that critically impact the model’s
macroscopic property predictions.

Information about polymer diffusion is obtained by
analyzing the time dependence of chain and chain-
segment displacements. The tube model4,27 predicts that
a single chain confined to a tube exhibits four distinct
types of motion as characterized by the scaling of the
atomic mean squared displacement, g(t), with time.
These four different types of motion are as follows: (1)
g ∼ t1/2 for t < τe where τe, the entanglement time, is
the time it takes for the chain to discover its confine-
ment to a tube in the lateral direction; (2) g ∼ t1/4 for τe
< t < τR where τR, the Rouse time, is the time it takes
for the chain to relax within the tube; (3) g ∼ t1/2 for τR
< t < τd where τd, the disengagement time, is the time
needed for the chain to “disengage,” or diffuse, from the
tube; and (4) g ∼ t for t > τd, the so-called free diffusion
limit. These four scaling regimes are bound by the three
different relaxation times, τe, τR, and τd, each of which
denotes a change in dynamic behavior.

Computer simulations yield detailed information
about molecular motion and hence are ideally suited for
testing theories that are molecularly based like those
discussed in this paper. For this reason, a number of
research groups have performed extensive simulations
of entangled polymer melts11,15-26,31-34,2 using one of two
different approaches to the problem, either searching
for evidence of tube confinement or searching for
evidence of specific interchain contacts. The majority
of simulations of entangled polymer melts have taken
the first approach in an attempt to either prove or
disprove the existence of tube confinement.11,15-26 This
was done by determining the scaling behavior of the self-
diffusion coefficient, D, with chain length and the
scaling behavior of its underlying microscopic property,
the mean squared displacement, g(t), with time.

Most of the early computer simulations of polymer
meltswerelattice-basedMonteCarlo(MC)simulations.15-18

Skolnick and co-workers15-18 performed Monte Carlo
simulations of decreased long chains (up to n ) 800)
confined to a cubic lattice. The mobility of their chains
decreased with increasing chain length as predicted in
the tube model. They believed that this decreased
mobility indicated the beginning of highly constrained
motion, but not necessarily confinement to a tube as the
tube model predicts.18,35

The bond fluctuation model has been used to obtain
more realistic lattice systems.19,21 Paul et al.19 performed
Monte Carlo simulations of long (n ) 200) chain
molecules confined to a cubic lattice. Their bond fluctua-
tion model for the highest occupation fraction they
studied (φ ) 0.5) provided evidence of reptation. This
work was extended by Kreer et al.21 to include longer
chains up to N ) 512 in an effort to examine entangle-

ment dominated dynamics. However, they were still
unable to observe the asymptotic power laws of the tube
model, indicating that even longer chain lengths might
be needed.

More extensive and realistic simulations were per-
formed using molecular dynamics (MD). Molecular
dynamics simulations of polymer motion offer the
advantages that excluded volume is treated more real-
istically than in lattice models, and the dynamics evolve
more naturally than in Monte Carlo simulations. Kre-
mer and Grest22 used Cray vector computers to perform
the first molecular dynamics simulations of entangled
polymers (n ) 200) modeled as chains of truncated
Lennard-Jones spheres over time scales that covered up
to 41/2 orders of magnitude in reduced time. They
sampled the first two scaling regimes of g(t) behavior
but were unable to observe the third and fourth scaling
regimes. Like Skolnick and co-workers, Kremer and
Grest monitored the mean squared displacement down
the tube path and perpendicular to the tube. They found
that the chains experienced preferential motion along
the tube path, contradicting the conclusion of Skolnick
and co-workers.

The simulations of Kremer and Grest22 were later
extended to include longer times and longer chains.23,24

In the first extension, Dünweg et al.23 simulated sys-
tems of chains with lengths up to n ) 350 over more
than 5 orders of magnitude in reduced time. For chains
with n e 200, this was sufficient to reach free diffusion;
however, for the chains of length n ) 350, they were
only able to access the second time regime. They were
not able to determine whether the tube model4,27 or
mode coupling theory36,37 provided a better prediction
for the scaling behavior. In a subsequent extension, Pütz
et al.24 performed simulations on systems containing
chains of length n ) 350, 700, and 10000 in an effort to
compare different methods for determining the entangle-
ment length, Ne. The n ) 350 simulations were extended
to 6 orders of magnitude in reduced time, reaching a
crossover to free diffusion. (The final relaxation time
was not determined however.) The other systems, n )
700 and n ) 10 000, were simulated only into the second
time regime. They found that the different methods for
estimating the entanglement length, Ne, (using either
the mean squared displacements or the plateau modu-
lus) gave results that differed by a factor of 2.3. This
inconsistency may be just a result of incorrect reptation
model prefactors instead of a failure of the single chain
picture to capture the essential physics of entanglement
behavior.

Some of the simulations of entangled polymer melts
have taken the second approach, focusing on the search
for entanglements in the form of long-lived intermo-
lecular contacts.31-34,2 In these studies, computer simu-
lations were used to search for all interchain contacts
and then to distinguish truly long-lived entanglements
from incidental contacts. The different studies use
various methods to do this.

Ben-Naim et al.34 found that incidental contacts
appear, disappear, and reappear anywhere along the
chain, but true, long-lived entanglements are released
only when they reach a chain end. In their study, they
performed simulations of 200 chains of length n ) 350
interacting via a repulsive Lennard-Jones potential with
an anharmonic springlike interaction between bonded
spheres.22 To visualize monomer contacts between pairs
of chains, they formed a “contact map” which is a matrix
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whose elements n(i, j) indicate when two monomers, i
and j, form a contact (n(i, j) ) 1) and when they do not
(n(i, j) ) 0). Clustering appeared in small regions on
the contact maps; some of these clusters persisted in
time, while others appeared and disappeared continu-
ously. A sequence of contact maps were stacked to form
three-dimensional maps of contact density n(i, j, t). In
these 3-D maps, entanglements appeared as rope-like
structures which persisted in time until they were able
to diffuse to a chain end where they could be released.
Their results revealed that 50% of the contacts between
entangled chains are persistent contacts which do not
exist in independently moving, unentangled chains.

Smith et al.11 observed evidence for intermolecular
knots during their search for tube confinement in
entangled chain fluids. They applied highly efficient
discontinuous molecular dynamics (DMD) simulation
algorithms38 to the simplest possible continuous-space
model of a polymer molecule, the hard-chain model.
Using this fast technique, they performed long MD
simulations25,11 spanning ∼51/2 orders of magnitude in
reduced time on systems containing 32 hard chains of
lengths ranging from n ) 8 to n ) 192 at volume
fractions φ ) 0.30, 0.40, and 0.45. For the 192mers at a
volume fraction φ ) 0.40, they believed that they were
able to observe the transition to the fourth scaling
regime for g(t), as predicted in the tube model. However,
during the second scaling regime, the chains’ mobility
was greater than that predicted in the tube model,
indicating that the systems studied may not have been
entangled enough to reach the scaling limits predicted
in the tube model. For the 192mers at φ ) 0.45, reduced
mobility even closer to that predicted by the tube model
was observed, but only three time regimes were sampled
despite the long times reached.

One of the most intriguing aspects of Smith et al.’s
work11 was the observation of plateaus in the inner
segment mean squared displacement, g(t) ∼ t0, at long
times for 192mers at volume fractions of 0.40 and 0.45.
These plateaus were interpreted as evidence for the
existence of intermolecular knot formation, based on
visualization and analysis of individual chain motion.
Immediately following these plateaus was a region of
accelerated displacement, g ∼ t1.12, which was inter-
preted as a recoil of stored entropic energy in the inner
segments that had been stretched during knot disen-
gagement. The discovery of two “knotted” chains, a pair
of chains with a distinct topological obstacle to diffusion,
through visualization techniques provided evidence for
knot formation and release. Because the plateaus and
accelerated displacement appeared near the end of the
correlation time where the statistics are not as good,
the importance of these phenomena, by themselves, is
subject to question.39,40 Increased averaging from simu-
lations which cover longer times or include more chains
may cause the anomalies to average out even if knot
formation and release were present. Nevertheless, when
one considers the supporting evidence provided by the
visualization and analysis of individual chain motion,
it becomes apparent that some type of knot formation
and release is taking place albeit at discrete rather than
universal times. We have been studying this phenom-
enon further to obtain the insight necessary to better
understand the impact of knot formation and release
on polymer entanglements.

In this study, we have performed discontinuous
molecular dynamics simulations on a system of 32 hard

chain molecules of chain length 192 at each of three
volume fractions, φ ) 0.40, 0.45, and 0.50. The quanti-
ties calculated over the course of the simulation include
the mean squared displacement of the chain center of
mass, the mean squared displacements of inner, outer,
and intermediate segments along the chain, the end-
to-end vector autocorrelation function, and the apparent
diffusion coefficient. The relaxation behavior of these
systems is compared to that predicted by the tube model
and to that suggested for the release of interchain
entanglements. To determine the extent to which our
results exhibit tube confinement, we estimate the three
relaxation times (τe, τR, and τd) predicted by the tube
model. The focus here is on determining whether the
various methods for predicting the longest relaxation
time, τd, yield results that are consistent with each other
and with the simulation data. The longest relaxation
time, τd, is predicted using three different tube model
methods: (1) an estimate from the end-to-end vector
autocorrelation function’s relaxation behavior, (2) a
calculation of τd from its defining equation, and (3) an
estimate based on the predicted relationship between
τd and τR. Next, we analyze the mean squared displace-
ments of various groups of segments along the chain to
determine both the progression of relaxation along the
chain and the actual longest relaxation time without
employing assumptions based on specific theories. Fi-
nally, the end-to-end vector autocorrelation function,
outer segment mean squared displacement, and the
apparent diffusion coefficient for each system are ana-
lyzed in light of a proposed mechanism of interchain
entanglement relaxation which consists of three stages
in time: initial relaxation, memory, and release.

Highlights from our simulation results are the fol-
lowing. During early times, the chain molecules’ relax-
ation starts at the chain ends and progresses inward
toward the chain middle as conjectured by the tube
model. However, this trend does not persist throughout
the relaxation, but instead reverses so that final relax-
ation occurs at the end segments instead of at the
middle segments as predicted in the tube model. The
tube model is not able to predict the mechanism of final
relaxation nor is it able to predict the longest relaxation
time, τd, consistently or accurately. This suggests that
another method of entanglement release must be oc-
curring during the simulations. The relaxation of spe-
cific interchain entanglements, or knots, like those
describedinthelocalknottheory5,6anddoublereptation,7-10

might contribute to the observed dynamic behavior. A
proposed mechanism of entanglement release, that of
interchain entanglements or knots, is discussed in light
of the simulation results. A simultaneous analysis of the
results for the end-to-end vector autocorrelation func-
tion, the outer segment mean squared displacement,
and the apparent diffusion coefficient supports the idea
that knots are released through a mechanism of initial
relaxation, followed by memory and final release. How-
ever, the uncertainty in these properties is large at the
times when possible knot release behavior is exhibited;
thus, caution is necessary when drawing conclusions
from these results. Comparing the end-to-end vector
autocorrelation function results from the systems at the
three different packing fractions reveals that both the
duration of knot constraints and the time of knot release
increase as the packing fraction is increased.

The remainder of the paper is organized as follows.
Section II describes the molecular model and simulation
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techniques and presents the static properties of the
chain systems. Section III provides relevant background
information on chain dynamics and the tube model.
Section IV describes our simulation results. A brief
summary of our conclusions and some further discussion
are given in section V.

II. Molecular Model and Simulation Methods
In this study, a polymeric fluid is modeled as a system

of hard chains and simulated using the discontinuous
molecular dynamics (DMD) technique used by Smith et
al.38 We begin this section by describing the molecular
model for the chain molecules and reviewing the DMD
technique as it is applied to this model. We then outline
our method for constructing and relaxing the model
polymer melts and present the static properties of the
systems.

Because polymers are large molecules, their macro-
scopic behavior is dictated more by molecular size and
geometry than by chemical structure. This suggests that
the main features of polymers which must be incorpo-
rated into a model are the chain connectivity and the
excluded volume of the segments. To model these
features, Flory41 proposed the tangent hard sphere
model which consists of hard spheres with bonds of fixed
length equal to the segment diameter, σ. In this model,
adjacent spheres are allowed to assume any bond angle
that maintains tangency but prevents sphere overlap,
thus allowing the model polymers to possess some
degree of flexibility. However, the fixed bond constraint
adds rotational velocities to the system and increases
the complexity of the dynamics calculations, a drawback
from the molecular dynamics point of view.

To circumvent this problem, Rapaport42 modified the
tangent hard chain model to allow the bond length to
vary by a fraction δ which is much smaller than the
segment diameter σ. In effect, the segments, or beads,
of the chain are joined by short strings of length δσ. To
maintain the average bond length of the tangent hard
chain model, Bellemans et al.43 modified the Rapaport
model to allow adjacent segments of a chain to inter-
penetrate by a distance equal to the length of the
strings. With this modification, the bond length can vary
over the range (1 ( δ)σ with an average value ap-
proximately equal to the segment diameter, σ, as in the
tangent hard sphere model. The added freedom of
movement (in the Rapaport and Bellemans models)
partially decouples the motion of the chain segments
and greatly simplifies the calculation of segment tra-
jectories.

All simulations in this study employed the hard chain
model with Belleman’s bonding constraints. The poten-
tial of interaction U(r) between two nonbonded segments
on the same or different chains is given by

where r is the distance between two segments and σ is
the segment diameter. The potential energy between
two bonded segments of a chain is given by

In this work, the bond extension parameter, δ, was set

to 0.1, since this provides sufficient displacement of the
molecules while prohibiting chain crossing.

The simulations were performed using the discon-
tinuous molecular dynamics technique used by Smith
et al.38 for hard chains. This method is essentially an
extension of the DMD method developed by Alder and
Wainwright44-46 for hard spheres to include bond stretch
events. An event, or collision, occurs when the distance
between two segments becomes equal to a discontinuity
in the potential. Thus, the chains experience two pos-
sible types of collisions, core collisions (two segments
coming into contact) and bond stretches (two bonded
segments reaching their maximum separation distance).
The DMD technique for simulating systems with dis-
continuous potentials takes advantage of the fact that
linear trajectories between collisions produce equations
of motion that can be solved analytically at successive
collisions.

The simulations develop on a collision-by-collision
basis by locating the next event in the system (core
collision or bond extension), advancing the system to
that point in time, computing the collision dynamics,
and repeating the process. Possible events, core colli-
sions and bond stretches, are investigated to determine
the time when they will occur. A schedule of collision
times is maintained to determine the sequence of events
over the course of the simulation. Once the next event
is determined, all the segments are advanced until that
event occurs. The elastic event between two segments
changes the magnitude and direction of their velocities.
Since the velocities of the colliding particles change,
their paths and thus their future collision partners will
also change. Updating the collision lists requires the
calculation of new collision times and partners for the
colliding segments after each event; this is the most
CPU intensive part of a discontinuous molecular dy-
namics simulation.

DMD has the inherent advantage that the trajectories
of only a few particles change at each event; therefore,
information must be updated for just a few particles
instead of for the whole system. While this is an
advantage when operating in series, it would not provide
a worthwhile speed increase when operating in parallel.
For this reason, the simulation of really huge systems
(105-106 particles) using DMD methods would not be
practical, but large systems may be simulated by
employing efficiency techniques.

Because of the great computational demand associ-
ated with calculating new collision times, considerable
effort has focused on improving the efficiency of this part
of the simulation. The time needed to update the
collision and partner lists is decreased by using a
number of efficiency techniques as discussed in detail
by Smith et al.,38 including neighbor lists,47 linked
lists,47 binary trees,48 and false positioning.49 The use
of neighbor lists restricts the search for collision part-
ners to a spherical volume with a specified radius
around a given segment. Linked lists decrease the
calculations needed to reconstruct the neighbor lists by
restricting neighbor calculations to particles within
adjacent subcells. Binary trees are used for efficient
scheduling of the successive events to occur in the
simulation, and false positioning is used to delay posi-
tion updates to occur after a specified number of events
instead of at every event. The use of these techniques
has allowed us to simulate systems of long chain

U(r) ) [∞ r e σ
0 r > σ (1)

U(r) ) [∞ r e (1 - δ)σ
0 (1 - δ)σ < r < (1 + δ)σ
∞ r g (1 + δ)σ

(2)
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molecules over more than 6 orders of magnitude in
reduced time.

Discontinuous molecular dynamics simulations were
performed on systems containing 32 chains of length
192 at three different volume fractions, φ ) 0.40, 0.45,
and 0.50. The volume fraction is the fraction of the
system volume occupied by chain segments and is
defined as φ ) πNσ3/6V, where N is the total number of
chain segments and V is the volume of the simulation
cell. The simulations were performed in a cubic simula-
tion cell with standard periodic boundary conditions.

Starting configurations at the three volume fractions
studied were obtained by starting with a single initial
configuration at a volume fraction of φ ) 0.28 and then
increasing the volume fraction to the desired value. The
initial configuration was generated by constructing each
chain from a random walk with a bond length of (1 +
δ/2)σ and assigning random velocities to each segment
using a Gaussian number generator. After the initial
configuration was obtained, the velocities were scaled
to obtain an average segment velocity of v ) 0 and a
reduced system temperature of kBT ) 1.0. The volume
fraction of the system was then increased by growing
segment diameters at bond stretch events38 while
performing the discontinuous molecular dynamics simu-
lation with the nonoverlapping Rapaport model men-
tioned above. The starting configurations at φ ) 0.40,
0.45, and 0.50 were obtained when the volume fractions
of interest were reached. Each of these three starting
configurations was then relaxed using the Bellemans
model during the equilibration phase. Once the chain
center of mass moved at least one radius of gyration,
the equilibration phase was finished, and the production
phase was started. A single long run was performed at
each of the three volume fractions.

Table 1 summarizes the systems studied and includes
the chain length, n, the number of chains, Nc, the
volume fraction, φ, the number of collisions, and the
total times sampled during the production phases of the
simulations. The simulation times are presented through-
out the paper in terms of reduced units, t* ) ((kBT/
mσ2))1/2t, where kB is the Boltzmann constant, T is the
temperature, and m is the mass of a segment. All
simulations were performed at a reduced temperature
of kBT ) 1.0 and a mass of m ) 1.0 for all segments.

The static properties of the systems studied, including
the mean squared end-to-end distance, 〈R2〉, the mean
squared radius of gyration, 〈RG

2〉, and the compress-
ibility factor, Z, were monitored over the course of the
simulations to confirm fluid equilibration.

The mean squared end-to-end distance was calculated
from

where r1 and rn are the coordinates of the first and last
chain segments and 〈 〉 denotes an ensemble average.
Figure 1 displays the system average mean squared
end-to-end distance as a function of the number of
collisions for chains of length 192 at (a) φ ) 0.40, (b) φ
) 0.45, and (c) φ ) 0.50. In a melt, excluded volume
effects are screened so that the chains behave ideally
and follow Gaussian statistics.41 For a Gaussian chain,
the mean squared end-to-end distance follows the
relationship:

where l is the bond length, and lp is the persistence
length, which is a measure of chain stiffness. The
average bond length decreases with increasing volume
fraction as the system becomes more densely packed so
that l ≈ 1.00, 0.99, and 0.98 at φ ) 0.40, 0.45, and 0.50.
Linear regression analysis was performed using the
mean squared end-to-end distance from this work listed
in Table 2 along with that for chains of length n ) 8 to
n ) 192 at φ ) 0.40 and 0.45 from Smith et al.11 The
persistence lengths for the three volume fractions

Table 1. Size and Length of the Simulated Systemsa

n Nc φ collisions × 10-9 t* × 10-6

96 32 0.50 50 0.959
192 32 0.40 20 0.311

32 0.45 82 1.03
32 0.50 200 1.92

300 64 0.45 940 3.77
64 0.50 1052 3.23

a The sizes of the simulated systems are given in terms of the
chain length, n, and the number of chains, Nc. Other simulation
parameters include the packing fraction, φ, the number of collisions
reported in billions of events, and the total reduced simulation
time, t*.

〈R2〉 ≡ 〈(r1 - rn)2〉 (3)

Figure 1. Mean squared end-to-end distance vs the number
of collisions for chains of length 192 at (a) φ ) 0.40, (b) φ )
0.45, and (c) φ ) 0.50.

〈R2〉 ) l2lp
2(n - 1) (4)
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studied are lp ≈ 1.39, 1.32, and 1.30 for φ ) 0.40, 0.45,
and 0.50, which decrease with increasing volume frac-
tion, as expected.

The radius of gyration, another measure of chain size,
describes the distribution of mass within the chain by

where ri is the position of segment i and rc.m. ) 1/n∑i)1
n

ri is the position of the chain center of mass. For a
Gaussian chain, the radius of gyration should also scale
linearly with chain length so that the ratio 〈R2〉/〈RG

2〉 ≈
6.41

The compressibility factor was calculated from the
Clausius virial theorem in the following form

where rij is the vector between segment centers at a
collision, ∆vij is the velocity change for the colliding pair,
Nc is the number of chains in the system, and te is the
elapsed simulation time over which the sum is calcu-
lated.

The results for the static properties, 〈R2〉, 〈RG
2〉, 〈R2〉/

〈RG
2〉, and Z are presented in Table 2. The values

obtained for 〈R2〉/〈RG
2〉 indicate that the chains used in

this study are essentially Gaussian. The compressibility
factor was found to be linear with chain length and
consistent with the work of Zhou et al.50

Agreement between the static properties of the simu-
lations and predicted behavior confirms the equilibra-
tion of the systems. With the confirmation of fluid
equilibration, the production phases of the simulations
were started in order to study the dynamic properties
of the systems. A single long run was performed at each
of the three volume fractions. During the course of the
simulations, the coordinates of all chain segments were
stored so that they could be used to determine the
dynamic properties. Time correlation functions were
calculated from the trajectories by averaging over
different time origins using standard methods. The first
85% of the time steps were used as time origins in the
dynamics analysis to increase the statistics of the
results at the longer times. The dynamic properties
which were studied are discussed in the next section.

III. Background on Chain Dynamics
In this section, we briefly review those aspects of

chain dynamics and tube model predictions that are
relevant to the discussion of the results. We begin by
defining the mean squared displacement and the four
scaling regimes postulated by the tube model.27 We next

review the connection between the mean squared dis-
placement and the self-diffusion coefficient. Finally, we
define the end-to-end vector autocorrelation function
and describe its relationship to the longest relaxation
time in the tube model, τd.

Microscopic information about polymer diffusion is
obtained by analyzing the time dependence of chain and
chain-segment displacements. The atomic mean-squared
displacement, g(t), is the average squared distance a
chain segment moves after a time, t, and is defined as

where ri(t) is the position of atom i at time t, the sum is
over all chain segments i, and 〈〉 represents the ensemble
average which is over all time origins t0 as well as over
all molecules. As described in the Introduction, the tube
model predicts that entangled polymer chains sample
four time regimes of g(t) scaling behavior: (1) g ∼ t1/2

for t e τe, (2) g ∼ t1/4 for τe < t < τR, (3) g ∼ t1/2 for τR <
t < τd, and (4) g ∼ t for t > τd.27

Analysis of the atomic mean squared displacement
is often restricted to the inner segments of the chain to
distinguish between effects of high mobility of segments
near the chain ends and low mobility of segments near
the chain middle. The mean squared displacement
averaged over k segments in the chain middle is
calculated from

During this study, we restricted the inner segment
mean squared displacement to the 10 segments in the
chain middle.

The macroscopic self-diffusion coefficient, D, is ob-
tained from the long-time mean squared displacement
of the chains, according to

where gcm(t) is the center of mass mean squared
displacement. The center of mass mean squared dis-
placement is defined as

where ri,cm(t) is the position of the center of mass of
chain i at time t, the sum is over all chains i and 〈〉
represents the ensemble average which is over all time
origins t0 as well as over all molecules. Throughout the
paper, the mean squared displacements are reported in
reduced units by dividing by the diameter squared, σ2.

Information about stress relaxation, and hence vis-
cosity, is obtained from the end-to-end vector autocor-
relation function.27 The end-to-end vector autocorrela-
tion function is defined by

where R(t) is the vector between the chain ends at time
t, 〈R2〉 is the mean squared end-to-end distance of the
chains in the system, and the averages are taken over

Table 2. Static Properties of the Systemsa

n φ 〈R2〉 〈Rg
2〉 〈R2〉/〈Rg

2〉 Z

96 0.50 155.28(10.44) 25.65(1.30) 6.05 834.77(0.10)
192 0.40 379.68(28.13) 61.72(2.70) 6.15 761.71(0.14)

0.45 331.69(36.08) 55.36(3.98) 5.99 1127.80(0.18)
0.50 317.44(35.23) 52.07(4.49) 6.10 1665.06(0.23)

300 0.45 510.81(49.21) 85.47(5.50) 5.98 1760.01(0.26)
0.50 485.26(38.72) 81.29(3.77) 5.96 2599.00(0.26)

a The mean squared end-to-end distance, 〈R2〉, mean squared
radius of gyration, 〈Rg

2〉, the ratio of the sizes, 〈R2〉/〈Rg
2〉, and the

compressibility factor, Z, are reported. The chain sizes are reported
in units of σ2. Values in parentheses are the standard deviations.

g(t) ≡ 1

n
∑
i)1

n

〈|ri(t + t0) - ri(t0)|2〉 (7)

gin(t) ≡ 1

k
∑

i)n/2+1-k/2

n/2+k/2

〈|ri(t + t0) - ri(t0)|2〉 (8)

D ) lim
tf∞

gcm(t)
6t

(9)

gcm(t) ≡ 1

Nc
∑
i ) 1

Nc

〈|ri,cm(t + t0) - ri,cm(t0)|2〉 (10)

CR(t) ≡ 〈R(t + to)‚R(to)〉/〈R
2〉 (11)

〈Rg
2〉 ≡ 1

n
〈 ∑
i ) 1

n

(ri - rc.m.)
2〉 (5)

Z ) n -
m∑collrij‚∆vij

3NckBTte
(6)
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all chains and over all time origins, to. The end-to-end
vector autocorrelation function provides a measure of
the relaxation of chain orientation by monitoring how
much the vectors between the chain ends remain
correlated over time.

In the tube model, the end-to-end vector autocorre-
lation function is a measure of the average fraction of
the chain remaining in the original tube, or equivalently
the fraction of the original tube remaining after a time
t.27 The tube model assumes each chain moves solely
along its own contour by reptation with a curvilinear
diffusion constant, Dc. Since chain ends are able to leave
the tube, once a chain end reaches a tube section, that
portion of the tube vanishes. On the basis of these
assumptions, Doi and Edwards27 derived an equation
for the fraction of the tube remaining at time t

where

L is the contour length of the primitive chain, and Dc is
the curvilinear diffusion coefficient. Because the end-
to-end vector autocorrelation function, CR(t), measures
the portion of the end-to-end vector which remains
correlated after time, t, it should be equivalent to the
fraction of the tube remaining, ψ, i.e.27

for t g τe. This provides a relationship between the end-
to-end vector autocorrelation function, CR(t), and the
longest relaxation time, τd, and allows τd to be estimated
by fitting the measured CR(t) data to the following
equation:

IV. Results and Discussion
In this section, we present and discuss the results

from our molecular dynamics simulations. The section
is divided into three subsections. In the first subsection,
we use our simulation results to estimate the three
relaxation times of the tube model, τe, τR, and τd. Three
different methods, all prescribed by the tube model, are
used to predict the final relaxation time, τd. The idea
here is to determine whether the various methods for
predicting τd yield results that are consistent with each
other and with the simulation data. In the second
subsection, we analyze the mean squared displacements
of the chain center of mass and chain segments at
various positions along the chain. This analysis is used
to determine the progression of relaxation along the
chains and to identify the final relaxation time of each
system without making assumptions based on any
particular theory. In the third subsection, we analyze
the end-to-end vector autocorrelation function, the outer
segment mean squared displacement, and the apparent
diffusion coefficient to show the agreement of our
simulation results with a proposed mechanism for
interchain entanglement release consisting of three

stages in time, initial relaxation, memory, and release
from a chain end.

A. Tube Model Entanglement Relaxation and
Release. In the tube model, chain molecules experience
three different relaxation times which mark changes in
the mean squared displacement power law scaling with
time as a result of entanglements.27 The first relaxation
time, τe, is referred to as the entanglement time, because
it marks the onset of entanglement constraints. The
second relaxation time, τR, indicates the beginning of
entanglement relaxation and marks the time when the
chain ends begin to diffuse out of the tube. During this
regime, relaxation of the tube constraints progresses
from the chain ends toward the chain middle until final
relaxation is achieved at τd. The final relaxation time,
τd, is the time after which the chains experience free
diffusion. Studying relaxation in the time regime be-
tween τR and τd is the key to determining whether the
release of entanglements follows the physical descrip-
tion given in the tube model.

Table 3 displays the relaxation time estimates for τe,
τR, and τd obtained for chains of length 192 at φ ) 0.40,
0.45, and 0.50. Three different τd estimates, which we
will call τd(CR), τd(D), and τd(τR), are obtained using three
different tube model methods. The methods used to
obtain these relaxation times are described below.

Entanglements, in the form of tube confinement,
begin to hinder the lateral motion of chain molecules
at the first relaxation time, τe.27 At this time, the chain
segments have moved a distance on the order of the tube
diameter and, thus, begin to feel the lateral constraints
of the confining tube. This will cause the mean squared
displacement scaling exponent to decrease.

The entanglement time, τe, of each system was
estimated by determining the time at which the inner
segment mean squared displacement vs time experi-
enced a decrease in slope on a log-log plot. For the
192mer systems, these times, in reduced units, are τe
≈ 1800, 3000, and 4500 at volume fractions φ ) 0.40,
0.45, and 0.50, respectively. Increasing volume fraction
produces two competing effects on τe. The distance the
chains must move in order to experience tube confine-
ment decreases as volume fraction increases since the
tube diameter decreases with increasing volume frac-
tion; this effect tends to decrease τe. However, the
mobility of the chains and their segments decreases as
the volume fraction increases, and this tends to increase
τe. We find that the value of τe increases with increasing
volume fraction indicating that the decrease in chain
mobility as the system becomes more densely packed
is the dominant effect.

The Rouse time, τR, designates the beginning of tube
decay and thus entanglement relaxation.27 At τR, the
chain begins to diffuse up and down the tube allowing
its ends to leave the tube. This causes the tube to begin
decaying from the ends toward the middle, since seg-
ments near the tube ends are able to escape their

ψ(t) ) ∑
p;odd

8

p2π2
exp(-p2t/τd) (12)

τd ) L2

Dcπ
2

(13)

ψ(t) ≈ CR(t) (14)

CR(t) ≈ ∑
p;odd

8

p2π2
exp(-p2t/τd) (15)

Table 3. Estimated Tube Model Relaxation Timesa

n φ τe τR τd(CR) τd(D) τd(τR)

192 0.40 1800 25 000 53 000 80 240 360 000
0.45 3000 67 000 101 000 149 000 965 000
0.50 4500 100 000 240 000 312 700 1 440 000

a The entanglement time, τe, the Rouse time, τR, the longest
relaxation time as estimated from the end-to-end vector autocor-
relation function, τd(CR), the longest relaxation time as calculated
from the defining equation, τd(D), and the longest relaxation time,
τd(τR), as estimated from the predicted ratio between τR and τd.

Macromolecules, Vol. 35, No. 15, 2002 Hard Chain Fluids 6011



confinement. As the confinement decreases at τR, the
segment mobility begins to increase, causing the mean
squared displacement power law exponent to increase.

The Rouse time, τR, was estimated as the time at
which the inner segment mean squared displacement
experiences an increase in slope when plotted on a log-
log scale. Figure 2 is a log-log plot of the inner segment
mean squared displacement for the 192mer fluid vs
reduced time which shows the τR estimates, τR ≈ 25 000,
67 000, and 100 000, at (a) φ ) 0.40, (b) φ ) 0.45, and
(c) φ ) 0.50, as listed in Table 3. Like the value of τe,
the value of τR also increases with increasing packing
fraction, indicating that the decrease in chain mobility
which occurs with increased density also delays the time
at which entanglement relaxation begins.

Investigating the mean squared displacement behav-
ior in the regime between τR and τd helps to determine
if the release of entanglements follows the physical
description given by the tube model. This is the time
period when entanglement relaxation and release is an
important factor in chain dynamic behavior. According
to the tube model, entanglements begin to relax, at τR,

from the chain ends toward the chain middle as more
segments escape the tube. This relaxation should con-
tinue until complete relaxation occurs at τd, the longest
relaxation time of the system. The estimates for τR and
τd pinpoint the appropriate time range for investigating
the behavior of entanglement release.

The tube model provides a number of different
methods for estimating τd.27 The first method for
estimating τd is to determine the time it takes for the
end-to-end vector autocorrelation function to relax to CR-
(τd) ≈ 0.2982, as given by eq 15 of the tube model for
the fraction of tube remaining. The second method for
estimating τd is to use the definition for τd, given in eq
13, which describes τd as the time it takes a chain to
diffuse the length of its tube. The third method for
estimating τd is provided by the predicted relationship
between τd and τR. If the tube model is a good repre-
sentation of the data, the estimates from these three
different methods should be equivalent.

The first method used to estimate τd is to determine
the time at which the end-to-end vector autocorrelation
function data has relaxed sufficiently as described by
eq 15 derived from the tube model. The end-to-end
vector autocorrelation function, CR(t), is calculated from
the data using eq 11. Since τd is the only parameter in
eq 15 for CR(t), it can be estimated from the time at
which CR(τd) ≈ ψ(τd) ≈ 0.2982. We designate the
relaxation time found from this method as τd(CR). Using
this method for the 192mer systems, yields the following
estimates: τd(CR) ≈ 53 000, 101 000, and 240 000 at φ
) 0.40, 0.45, and 0.50. As was the case for our estimates
for τe and τR, this relaxation time increases with
increasing φ, indicating that it takes longer for the more
dense, and thus more entangled, systems to relax.

Figure 3 displays the end-to-end vector autocorrela-
tion functions, CR(t), calculated directly from the 192mer
data at (a) φ ) 0.40, (b) φ ) 0.45, and (c) φ ) 0.50 using
eq 11. The tube model predictions for CR(t), eq 15, using
the τd values above, are also included in the figure. At
times up to and just beyond τd(CR), the theory fits the
CR data well; however, the exponential equation is a
poor representation of the data at later times.

In the second method, τd is calculated from its
definition, eq 13, which estimates the time it takes a
chain to diffuse the length of its confining tube. Since
eq 13 is in terms of curvilinear tube coordinates, it must
be converted to the laboratory reference frame for
calculation.27 This yields

where D is the self-diffusion coefficient in the laboratory
reference frame.

Using eq 16 to calculate τd, designated τd(D), requires
an estimate for D. The self-diffusion coefficient, D, is
the long-time asymptotic value of the apparent self-
diffusion coefficient, Dapp(t) which is related to the
center-of-mass mean squared displacement according to
the following relationship:

During the early time regimes, t < τR, the chain center
of mass is predicted to experience anomalous diffusive

Figure 2. Inner segment mean squared displacement vs
reduced time for chains of length 192 at (a) φ ) 0.40, (b) φ )
0.45, and (c) φ ) 0.50. The dashed lines represent the
relaxation time, τR, as listed in Table 3.

τd )
〈R2〉
3π2D

(16)

Dapp(t) ≡ 〈[r(t) - r(0)]2〉
6t

≡ gcm(t)
6t

(17)
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behavior where the mean squared displacement scaling
behavior and thus Dapp(t), vary with time. The long time
limit of Dapp(t) is the self-diffusion coefficient, D, as given
by the following Einstein relation:51,52

Figure 4 shows Dapp(t) vs t* on a log-log plot for the
192mer fluids at (a) φ ) 0.40, (b) φ ) 0.45, and (c) φ )
0.50. According to the tube model, the quantity Dapp(t)
should decrease with time until it reaches a long-time
plateau at the value D. However, a long-time plateau
was not observed in our simulations; therefore, the
diffusion coefficient was estimated instead from the
minimum value of Dapp(t), because this provides the
longest possible time for τd(D) as calculated from eq 16.
Using this method, the estimates obtained for the self-
diffusion coefficient, in reduced units, are D* ≈ 1.47 ×
10-4, 7.73 × 10-5, and 3.51 × 10-5 at φ ) 0.40, 0.45,

and 0.50. From these estimates, the longest relaxation
times for the 192mers were calculated from eq 16 to be
τd(D) ≈ 80 240, 149 000, and 312 700 for φ ) 0.40, 0.45,
and 0.50. Each of these estimates is larger than the
corresponding τd(CR) estimate obtained from the CR(t)
data; however, these two methods give results that are
of the same order of magnitude.

The third method used to estimate τd is based on the
following relationship between τd and τR provided by the
tube model27

where z ) N/Ne with Ne equal to the entanglement
length for the system. The entanglement length is the
largest subchain which does not feel entanglement
constraints. It can be estimated by relating the tube
diameter, dT, estimated from the mean squared dis-
placement at τe, to the end-to-end distance of a chain of
length Ne through g(τe) ≈ dT

2 ) 〈R2(Ne)〉/3 leading to22,24

Figure 3. End-to-end vector autocorrelation function vs
reduced time for chains of length 192 at (a) φ ) 0.40, (b) φ )
0.45, and (c) φ ) 0.50. The circles represent the simulation
results, the dotted lines represent CR(τd) ≈ 0.2982, the dashed
lines represent the estimated values for τd(CR), and the dot-
dashed lines represent the tube model predictions for CR(t*).

D ) lim
tf∞

〈[r(t) - r(0)]2〉
6t

(18)

Figure 4. Apparent self-diffusion coefficient vs reduced time
for chains of length 192 at (a) φ ) 0.40, (b) φ ) 0.45, and (c) φ
) 0.50. The circles represent the simulation results, the
horizontal lines represent the estimated self-diffusion coef-
ficient, and the dashed lines represent the calculated values
for τd(D).

τd ) 3zτR (19)
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where we use the inner segment mean squared dis-
placement for g. Using this method, we obtained the
estimates Ne ≈ 40, 43, and 37 at φ ) 0.40, 0.45, and
0.50. The error in these estimates is greater than the
difference between them; therefore, we used the average
value of Ne ≈ 40 for all of the systems. Our estimate of
Ne ≈ 40 is similar to that obtained from other compa-
rable studies. In previous literature, values of 28 < Ne
< 38 were obtained using comparable methods.11,19,21,22,24

Kremer and Grest22 reported Ne ≈ 35, Paul et al.19

reported Ne ≈ 30, Smith et al.11 reported 29 < Ne < 35,
Pütz et al.24 reported 28 < Ne < 35, and Kreer et al.21

reported 35 < Ne < 38. However, the question remains
as to whether the mean squared displacement results
provide the correct value of Ne. For example, when using
the plateau modulus to estimate Ne, Pütz et al.24

obtained 65 < Ne < 83 or about 2.3 times the estimate
obtained from the mean squared displacement.

The values of τR listed in Table 3 were used along with
our entanglement length estimate of Ne ≈ 40 at all
volume fractions to obtain a third estimate for τd, which
we will call τd(τR), from eq 19. From this method we find
that τd(τR) ≈ 360 000, 965 000, and 1 440 000 at φ )
0.40, 0.45, and 0.50, respectively. These values are
significantly larger than both τd(CR) and τd(D) obtained
above.

The three tube model methods for estimating τd
provide vastly different values for τd(CR), τd(D), and τd-
(τR), and hence provide inconsistent predictions for the
longest relaxation time, τd. This suggests that either the
tube model is not accurate in its simplest form or the
systems studied here are not sufficiently entangled to
be represented by the theory.

B. Actual Relaxation of the Mean Squared Dis-
placement Results. The lack of agreement between
the three different methods for estimating τd prescribed
by the tube model prompted us to analyze the mean
squared displacement behavior during the relaxation
time range in more depth, with particular focus on both
the progression of relaxation along the chain and the
actual final relaxation time of each system. By analyzing
the mean squared displacements of segments at differ-
ent positions along the chain, we are able to determine
how segment position affects the time when entangle-
ment relaxation occurs and hence obtain information
about the mechanism of entanglement relaxation and
release. As mentioned above, the tube model dictates
that tube relaxation starts at the chain ends and pro-
gresses along the chain toward the chain middle where
final relaxation occurs. In contrast, interchain entangle-
ments will only be released when a chain end passes
through the knot. We can also use the different mean
squared displacements to estimate the final relaxation
time without resorting to assumptions based on specific
theories. This is possible because final relaxation results
in free diffusion of the chains and chain segments
causing all of the mean squared displacements to exhibit
the same power law exponent of 1.

We analyzed the mean squared displacements of the
following groups of segments: the center of mass, the
10 inner segments in the chain middle, intermediate
segments along the chain, and the five outer segments
at each chain end. The intermediate segments whose
motion was analyzed include the following groups of 10

segments (five from each side of the chain): segments
11-15 and 178-182, segments 21-25 and 168-172,
segments 31-35 and 158-162, segments 41-45 and
148-152, and segments 51-55 and 138-142. Figure 5
displays the various mean squared displacements as a
function of reduced time for the 192mer systems at (a)
φ ) 0.40, (b) φ ) 0.45, and (c) φ ) 0.50. In the figure,
dashed lines mark the estimated relaxation times, τe,
τR, τd(CR), τd(D), and τd(g) (defined below). The times
sampled show a range of mean squared displacement
behavior as discussed below.

At the early times (t* < τe) shown in Figure 5,
segment motion is dominated by small-scale fluctuations
of segment positions, which do not result in much
overall chain displacement. During this time regime, the
center-of-mass mean squared displacement is an order
of magnitude smaller than that of the chain segments,
indicating that the segmental motion is mainly a result
of small-scale fluctuations of segment positions which

Ne ≈ 3g(τe)

(llp)
2

+ 1 (20)

Figure 5. Mean squared displacement vs reduced time for
chains of length 192 at (a) φ ) 0.40, (b) φ ) 0.45, and (c) φ )
0.50. The top curve is for the 5 outer segments at each chain
end. The next five curves are for blocks of segments at
intermediate positions along the chain. The second curve from
the bottom is for the 10 inner segments in the chain middle,
and the bottom curve is for the chain center of mass. The
dashed lines mark the estimated relaxation times, τe, τR, τd-
(CR), τd(D), and τd(g).
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do not produce much overall displacement of the chain
center of mass. Comparing the early-time mean squared
displacements of the various segments along the chain
provides information about these fluctuations and how
they relate to entanglement relaxation. At the earliest
times shown in Figure 5, all of the segments, except the
outermost segments (top curve), have moved approxi-
mately the same distance. This indicates that chain
connectivity is the dominant factor during this time
range, as the tube model dictates. The end segments
are able to move more than the other segments because
they are bound on only one side while the other
segments are bound on both sides.

As time increases, the various mean squared displace-
ments begin to fan out as intermediate segments near
the chain ends experience more relaxation than the
inner segments causing the slopes of their mean squared
displacement curves to increase. First, the chain sec-
tions which include segments 11-15 and 178-182
(second curve from top) begin to relax which causes their
mean squared displacement slope to increase. Then, this
relaxation progresses to the next section (segments 21-
25 and 168-172) along the chain closer to the chain
middle and continues with the next sections in order
toward the chain middle. This indicates that the initial
relaxation of entanglements occurs near the chain ends
and progresses toward the chain middle with time. The
tube model predicts this type of behavior; however, it
is expected to occur later, during the time range between
τR and τd, as an increasing number of segments escape
the original confining tube. In our system, this behavior
begins to occur at approximately τe but may be a result
of analyzing segments that are still too close to the chain
ends to experience tube confinement.

Although the initial entanglement relaxation follows
the tube model prediction that relaxation begins with
the outer segments and moves inward toward the inner
segments, this trend does not continue until the final
relaxation of entanglements. At times between τR and
τd, the slopes of the inner segment mean squared
displacement curves increase, as predicted by the tube
model. At the same time, the slopes of the outer segment
mean squared displacement curves decrease slightly. To
achieve free diffusion (the time regime that occurs for
t* > τd), the outer segment mean squared displacement
curves in Figure 5 switch from concave down to concave
up. In contrast, the inner segment mean squared
displacement curves continue to undergo a smooth
increase toward free diffusion. The outer segment mean
squared displacement slope increases more than that
of the inner segments, indicating that a considerable
amount of relaxation occurs near the end segments
before free diffusion is reached. This is in contrast to
the tube model idea which says that final relaxation of
the tube occurs in the chain middle, but is in agreement
with the idea of interchain entanglements which must
be released from a chain end.

Once a system has achieved complete relaxation, as
is expected to occur after the longest relaxation time,
τd, the chains and all of their segments should diffuse
freely. Beyond τd, the mean squared displacements for
all segments along the chain should display uniform
scaling behavior with slopes equal to 1 on a log-log plot
of g* vs t*.

To determine if and when this occurs, we compare the
mean squared displacement behavior of the chain center
of mass to that of the various segments along the chain.

We find that a transition toward uniform mean squared
displacement scaling behavior occurs at approximately
t* ≈ 202 000, 579 000, and 1 275 000 for φ ) 0.40, 0.45,
and 0.50. These times are designated τd(g) and are
indicated by dashed lines in Figure 5. As was the case
with all of the relaxation time estimates, τd(g) increases
with increasing packing fraction.

The transition to similar mean squared displacement
scaling behavior, τd(g), occurs at a later time than both
τd(CR) and τd(D). Since our estimate of τd(g) is not based
on any particular theory, but is instead based on a
comparison of the mean squared displacements of the
chain center of mass and the mean squared displace-
ments of various segments at different positions along
the chain, it provides a more accurate estimate of τd
than the methods used in the previous subsection.
Because additional relaxation is occurring at τd(g), the
actual longest relaxation time of the system cannot be
any earlier than τd(g). This indicates that the estimated
values τd(CR) and τd(D) are too low and do not cor-
respond to the actual final relaxation times for the
systems studied. However, the estimated values τd(τR)
are longer than τd(g) and the longest times analyzed.

The addition of modifications to the tube model,
including contour length fluctuations53-56 and constraint
release,57-60 would add other modes of entanglement
release. However, constraint release would not affect τd
significantly, and contour length fluctuations would
decrease τd, thus increasing the discrepancy between the
tube model predictions and the actual relaxation of the
mean squared displacements. To obtain closer agree-
ment with our simulation results, the tube model would
need to be modified to include additional entanglement
constraints instead of additional relaxation methods.
This suggests that another form of entanglements is
present in our systems.

C. Interchain Entanglement Release. Entangle-
ment relaxation as proposed by the tube model does not
sufficiently describe the release of the entanglements
in the systems studied here; therefore, another method
of entanglement release, possibly that of interchain
entanglements, or knots, like those described in the local
knot theory5,6 and double reptation,7-10 must also be
occurring in these systems. The mechanism of inter-
chain entanglement release is quite different than the
relaxation of a chain confined to a tube. Interchain
entanglements are released only when a chain end is
able to pass through the entanglement or knot; there-
fore, this type of entanglement release will occur at a
chain end. In this subsection, we describe evidence that
entanglement release consistent with the release of
interchain entanglements, or knots, is occurring in the
systems studied.

Our simulation results suggest that interchain en-
tanglement relaxation progresses through three stages;
initial relaxation, memory, and release, as illustrated
schematically in Figure 6. First a knotted chain experi-
ences some relaxation. Second the constraints from the

Figure 6. Proposed mechanism for knot disentanglement and
release showing (a) initial relaxation, (b) chain stretching
before release from chain end, and (c) large displacement and
relaxation achieved following knot release.
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knot start to have an impact, hindering the chain’s
relaxation by pulling part of it back toward its previous
position which provides the chain with a memory of its
previous orientation. During this stage, the chain
stretches since the knotted chain portion is restricted
to its previous conformation while the unconstrained
portions continue to relax. Finally a chain end passes
through the knot and releases the entanglement. The
chain then moves quickly to release the energy stored
during the previous stretching so as to obtain a more
favorable conformation. The mechanism of interchain
entanglement release proposed here is supported by the
behavior described below.

A combined analysis of the end-to-end vector auto-
correlation function, the outer segment mean squared
displacement, and the apparent diffusion coefficient
provides support for the proposed mechanism of inter-
chain entanglement release. The behavior of (a) the end-
to-end vector autocorrelation function, (b) the outer
segment mean squared displacement, and (c) the ap-
parent self-diffusion coefficient is presented for the
192mer systems at φ ) 0.40, 0.45, and 0.50 in Figures
7-9, respectively. The dashed lines in the figures bound
the time range when knot constraints appear to affect
the systems. All of the systems display similar behavior.
The combined analysis of these three quantities paints
a compelling picture of the proposed mechanism of
entanglement release.

The results for the end-to-end vector autocorrelation
function (in Figures 7a, 8a, and 9a) illustrate the
complicated relaxation of chain orientation, which in-
cludes initial relaxation, memory (stretching), and
release. First, an initial relaxation of the chains is
observed as the autocorrelation function decreases. This
is followed by an increase in the autocorrelation func-
tion, and thus chain orientation, when the knot con-
straints take effect and the chains remember their
previous conformations. Then, the autocorrelation func-
tion decreases rapidly after the knot is released. This
observed behavior deviates substantially from the ex-
ponential decrease predicted by the tube model.

The outer segment mean squared displacement re-
sults (in Figures 7b, 8b, and 9b) support the idea that
knots are released from the chain ends. At early times,
the power-law exponents (slopes of the graphs) for the
outer segment mean squared displacement decrease
slightly with time. Then, there is a period in which the
power-law exponents remain fairly constant over time
until a discontinuity occurs, and the exponents for the
two lower density systems, φ ) 0.40 and φ ) 0.45,
decrease significantly. Finally, at times consistent with
the final relaxation of the end-to-end vector autocorre-
lation function, all of the systems experience a discon-
tinuity in the power-law exponents for the outer seg-
ment mean squared displacement. At this discontinuity,
the power law exponent (slope) increases dramatically.
This large increase in the mobility of the outer segments
indicates that considerable relaxation occurs near the
chain ends at this time, which is consistent with the
release of knots from chain ends.

The apparent diffusion coefficient (in Figures 7c, 8c,
and 9c) can be used to locate any superdiffusive motion
that could occur after the release of knots. As discussed
previously, the tube model predicts that the apparent
diffusion coefficient will decrease until it reaches a long-
time plateau equal to the self-diffusion coefficient.
However, for our systems at the lower volume fractions,

φ ) 0.40 and 0.45, the observed apparent diffusion
coefficient increases at longer times, indicating super
diffusion, a center of mass mean squared displacement
which scales with time to a power greater than 1. The
apparent diffusion coefficient increases from the knot
release time until the largest t* by approximately 18%
at φ ) 0.40 and 12% at φ ) 0.45. A significant change
was not observed for the φ ) 0.50 system. The super-
diffusive behavior may be suppressed at φ ) 0.50
because of the system’s high density.

The error in the apparent diffusion coefficient was
investigated to determine the statistical significance of
the observed superdiffusive behavior. The apparent
diffusion coefficient was obtained for each chain in the
system to determine the sample standard deviation. The
uncertainty in the system values was estimated by
dividing the sample standard deviation by the square
root of the sample size.61 The sample size depends on
both the number of chains in the system and the
percentage of the simulation time analyzed. At the total

Figure 7. Simulation data for chains of length 192 at φ )
0.40 displaying results consistent with knot release behavior:
(a) end-to-end vector autocorrelation function, (b) outer seg-
ment mean squared displacement, and (c) apparent self-
diffusion coefficient vs reduced time. The dashed lines bound
the time range when knot constraints appear to affect the
system.
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simulation time, only one independent value is obtained
for each chain in the system, thus the sample size is
the number of chains. At times of 50% or less of the total
simulation time, multiple independent values are ob-
tained for each chain, such that the sample size is twice
the number of chains at 50% of the total simulation time
and three times the number of chains at 33% of the total
simulation time. The error is largest at the longest time
and decreases with decreasing time. The maximum
uncertainty in the apparent diffusion coefficient at the
longest times was estimated to be approximately 20%
at φ ) 0.40 and 15% at φ ) 0.45, taking the sample size
to be the number of chains in the system. The uncer-
tainty at the “knot time” was estimated to be ap-
proximately 11% at φ ) 0.40 and 8% at φ ) 0.45, taking
the sample size to be twice the number of chains in the
system. In comparison, Kremer and Grest22 estimated
that the error in their results was on the order of 10%
at the longest times they reported.

The observed change in the apparent diffusion coef-
ficient is on the order of the uncertainty in the values;
therefore, our analysis of superdiffusive behavior must
be viewed with caution. However, when considered in
combination with the other quantities, the evidence is
consistent with the release of interchain entanglements.
The superdiffusive behavior, which is not predicted by
the tube model, is observed at times consistent with the
final relaxation of orientation observed in the end-to-
end vector autocorrelation function and the release of
the end segments obtained from the outer segment
mean squared displacement. The evidence for superdif-
fusive behavior supports the idea that the release of
interchain entanglements allows a dissipation of the
energy stored during the stretching of the chains.

The release of interchain entanglements, or knots, is
a discrete, localized event. Therefore, the time when it
occurs is not expected to be universal. We would expect
the release of knots to occur at different times for
different chains within the system. If this does indeed

Figure 8. Simulation data for chains of length 192 at φ )
0.45 displaying results consistent with knot release behavior:
(a) end-to-end vector autocorrelation function, (b) outer seg-
ment mean squared displacement, and (c) apparent self-
diffusion coefficient vs reduced time. The dashed lines bound
the time range when knot constraints appear to affect the
system.

Figure 9. Simulation data for chains of length 192 at φ )
0.50 displaying results consistent with knot release behavior:
(a) end-to-end vector autocorrelation function, (b) outer seg-
ment mean squared displacement, and (c) apparent self-
diffusion coefficient vs reduced time. The dashed lines bound
the time range when knot constraints appear to affect the
system.
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happen, the multiple events occurring at different times
could potentially smooth out when averaging over more
data. Thus, the plateaus and bumps witnessed in the
correlation functions may not still be visible at the same
times if the simulations are run for much longer or if
the system size is increased dramatically. They might
move to later times or smooth out altogether. Our
observations are consistent with the presence and
release of interchain entanglements and knots but not
at a universal time. Because our three starting configu-
rations at different volume fractions were obtained from
the same initial configuration at φ ) 0.28 (prior to
growing and equilibration), many of the long time
features will be similar. Therefore, we believe that the
three different knot release times obtained at the three
different volume fractions can be compared to each other
to determine the effect of density on the time it takes
knots to release.

A comparison of the results from the different density
systems reveals that both the duration of knot con-
straints and the time of knot release increase with
increasing volume fraction, or density. Interchain en-
tanglement constraints occurred over the following time
ranges: 149 000 e t* e 202 000 for φ ) 0.40, 414 000
e t* e 519 000 for φ ) 0.45, and 952 000 e t* e
1 275 000 for φ ) 0.50. These time ranges which are
indicated by dashed lines in the figures were determined
from the end-to-end vector autocorrelation functions, as
displayed in Figures 7a, 8a, and 9a. The time when CR
begins to increase is estimated to be the onset of knot
constraints, and the time when CR begins to decrease
again is estimated to be the knot release time. These
times and the range between them increase with
increasing volume fraction.

Although higher densities increase the time and
duration of knot release, they diminish the effect of knot
release by prohibiting the released chains from moving
very far. This is supported by the fact that the changes
in both the outer segment mean squared displacement
and the apparent diffusion coefficient results that
accompany knot release diminish with increasing vol-
ume fraction. The two lowest density systems studied
exhibit a decrease in the outer segment mean squared
displacement’s power law exponent over the duration
of the knot constraints. However, the exponent of the
highest density system, φ ) 0.50, does not experience a
significant change during this time. At the knot release
time, the outer segment mean squared displacement of
all three systems undergoes a dramatic increase in its
power law exponent with time. The power law exponent
of the φ ) 0.50 system’s outer segment mean squared
displacement does not experience as dramatic of an
increase as that of the lower density systems, since its
outer segment mean squared displacement exponent
had not decreased much during the knot constraint
time. In the two lowest density systems, the apparent
diffusion coefficient displays superdiffusive behavior
immediately following the time of knot release. How-
ever, this analysis is made with caution, because the
observed change in the apparent diffusion coefficient is
on the order of the uncertainty in the values. The
apparent diffusion coefficient of the φ ) 0.50 system
does not increase like that of the other, less-dense
systems. The much higher density of the φ ) 0.50
system may prohibit the chains from moving quickly to
a more favorable conformation when a knot is released.

V. Conclusions

In this study, discontinuous molecular dynamics
simulations were performed to investigate entanglement
relaxation and release in model polymer melts. The
relaxation behavior was first compared to that predicted
by the tube model which dictates that chain relaxation
begins at the chain ends and progresses inward until
the chain middle relaxes at the final relaxation time.
Then, the simulation results were analyzed in light of
a proposed mechanism for interchain entanglement or
knot release, consisting of initial relaxation, followed by
memory and final release from a chain end.

To compare the simulation results to the tube model,
the model’s three relaxation times, τe, τR, and τd, were
estimated for all of the systems studied. Three different
methods for determining the longest relaxation time,
τd, as prescribed by the tube model, provided inconsis-
tent results, thus identifying a discrepancy between the
simulation results and the tube model.

To investigate the inconsistency of the τd estimates,
the mean squared displacements of the chain center of
mass and chain segments at various positions along the
chain (including inner segments in the chain middle,
intermediate segments along the chain, and outer
segments at the chain ends) were studied. These mean
squared displacements revealed that at early times,
chain relaxation begins at the outer segments and
continues inward along the chain. However, this trend
does not continue throughout time, and final relaxation
does not occur at the segments in the chain middle but
instead is observed at the outer segments. The actual
final relaxation of the systems, as determined from the
mean squared displacement behavior, occurred at times
which were longer than the first two τd predictions
obtained using tube model methods. Therefore, it was
determined that another method of entanglement re-
lease was present in the simulation systems.

A proposed mechanism of interchain entanglement
release was described which provides a physical picture
of the observed relaxation behavior. This mechanism for
interchain entanglement, or knot, release consists of
three stages in time, initial chain relaxation, memory
of previous conformations, and final release of the knot
from a chain end. The initial chain relaxation was
observed as a decrease of the end-to-end vector auto-
correlation function. Memory of previous conformations
was associated with an increase in the end-to-end vector
autocorrelation function. The release from a chain end
was reflected in an increased power law exponent in the
outer segment mean squared displacement results. The
superdiffusion experienced by the released chains of the
two lowest density systems is consistent with an in-
crease in the apparent diffusion coefficient immediately
following the knot release although this change was on
the order of the uncertainty in the values. A combined
analysis of the end-to-end vector autocorrelation func-
tion, the outer segment mean squared displacement,
and the apparent diffusion coefficient was used to
determine the duration and time of knot release.
Although, the knot release times are not universal, the
values obtained for the different density systems could
be compared to each other since each system was
obtained from a single initial configuration at φ ) 0.28
(prior to growing and equilibration). It was found that
both the duration of knot constraints and the time of
knot release increased with increasing volume fraction.
However, the dramatic effect of the knot release on the
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outer segment mean squared displacement and the
apparent diffusion coefficient diminished with increas-
ing volume fraction indicating that higher density
prohibits the released chains from moving very far.
Because the proposed knot release behavior occurred
over long times where the statistical error is largest,
this should be interpreted with caution.

This study adds to our knowledge and understanding
of entanglement relaxation and release. In so doing, it
provides additional information about the nature of
entanglements and suggests areas for further study.
The results from this study indicate that the release of
interchain entanglements, or knots, is a significant
contribution to entanglement relaxation. This suggests
that localized behavior should be studied in greater
depth.
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